FREQUENCY COMPONENTS 
HARMONIC MODELING OF PERIODIC WAVEFORMS

The goal of this notebook is to solidify the concept of modeling of waveforms with a sum of periodic trigonometric components whose frequencies are harmonically related. These components have important properties which are their magnitude and phase angle. As one is familiar from previous courses, the phase angle of a trigonometric component controls the position of the component along the time axis. Start by contriving a waveform which has a period of 0.1 second and is described by frequency components listed in the following table. The equation for a Fourier series representation of a function y(t) with M harmonics is






 macrobutton MTPlaceRef (1)

where Cm are the amplitude of the harmonics, m is the harmonic number, and (m are the phase angles of the harmonics. Notice that the symbolic math toolbox is used for most of this elaboration. 

COMPONENT
MAGNITUDE
PHASE

average
0


fundamental
1
0

2nd harmonic
2
45(

3rd harmonic
1
60(

clear; close all; format compact

syms t pi; % This defines variables as symbolic

f0=10; P=0.1;

p1 = cos(2*pi*10*t);

p2 = 2*cos(2*pi*20*t+45/180*pi);

sig2 = p1 + p2;

p3 = 1*cos(2*pi*30*t+60/180*pi);

sig3 = sig2 + p3;

figure(1)

subplot(2,3,1);ezplot(p1,[0 P])

subplot(2,3,2);ezplot(p2,[0 P])

subplot(2,3,4);ezplot(sig2,[0 P])

subplot(2,3,3);ezplot(p3,[0 P])

subplot(2,3,6);ezplot(sig3,[0 P])  

Figure 1 shows the harmonic components and waveforms synthesized by using 2 and 3 harmonic components. Let's emphasize the importance of the magnitude and phase angle of these components by changing them and comparing the resulting waveform to the original one. The following script changes the magnitude of the second harmonic and resynthesizes the waveforms. Describe what changes were made in the shapes of the waveforms. Now change the waveform more by making changes in the magnitude of the second harmonic until the resulting waveform no longer resemble the original one. What magnitude caused this? Consider for the sake of definition that the waveforms in figure 1 are the desired or original waveforms. When an instrument or a filter, etc. causes a change in the magnitude of a harmonic component it is said to cause magnitude distortion.
p22 = 1*cos(2*pi*20*t+45/180*pi);

sig22 = p1 + p22;

sig32 = sig22 + p3;

figure(2)

subplot(2,2,1);ezplot(sig2,[0 P])

subplot(2,2,2);ezplot(sig3,[0 P])

subplot(2,2,3);ezplot(sig22,[0 P])

subplot(2,2,4);ezplot(sig32,[0 P])  

The following script changes the phase angle of the second harmonic and resynthesizes the waveforms. Describe what changes were made in the shapes of the waveforms. Now distort the waveform by making changes in the phase angle of the second harmonic until the resulting waveform no longer resemble the original one. What angle caused this? Similarly, when an instrument or a filter, etc. causes a change in the phase of a harmonic component it is said to cause phase distortion.
p22p = 2*cos(2*pi*20*t+10/180*pi);

sig22p = p1 + p22p;

sig32p = sig22p + p3;

figure(3)

subplot(2,2,1);ezplot(sig2,[0 P])

subplot(2,2,2);ezplot(sig3,[0 P])

subplot(2,2,3);ezplot(sig22p,[0 P])

subplot(2,2,4);ezplot(sig32p,[0 P])  

Using the original waveform with 3 harmonics from figure 1, create another waveform by adding a fourth harmonic term with a magnitude of 1.5 and a phase angle of -120(. Plot them both and compare their shapes.

MAGNITUDE AND PHASE SPECTRA
Now that the importance of the information in the magnitudes and phase angles of the Fourier series has been explored, let's derive some Fourier coefficients of waveforms that we know and put them into the form of magnitude and phase spectra. First the coefficients of the square wave shown in Figure 4 are derived. The waveform has to be generated digitally for plotting because the symbolic toolbox does not have it as a defined function.

P=1; % period

T = 1/100; % sampling interval = 10 milliseconds

t = 0:T:1; N = length(t); % time vector

x = ones(N,1); %this & next statement create the square wave

for n=round(N/2):N; x(n)=-1;end

figure(4)  

plot(t,x); axis([-.25,1.25,-1.25,1.25]); grid

title('SQUARE WAVE'); xlabel('TIME,seconds');ylabel('AMPLITUDE')  
It is known from the 'freqconc.doc' notebook and other references that the Fourier series model is a summation of odd harmonics of the sine wave with a magnitude of 4/((m) where m is the harmonic number. This result is derived below.

% deriving coefficients

syms m PS pi t
bm1 = int(2/P*sin(2*pi*m/PS*t),t,0,0.5); % integrating from 0 to 0.5

bm2 = int(-2/P*sin(2*pi*m/PS*t),t,0.5,1); % integrating from 0.5 to 1

% this adds both terms; note that it is not simplified because it is not % known that m is an integer.

bm = bm1 + bm2

PS=P; m=1; b1 = eval(bm)

% The expression m=1 indirectly changes m to a double precision variable 

m=2; b2 = eval(bm)

m=3; b3 = eval(bm)  
As can be seen the coefficients b1, b2, and b3 are correct. At first the general term for the b coefficients, bm, looks complicated but if one evaluates it on paper with m known to be an integer then it reduces to the known general formula.

Given the speed of  computer computation, the complex form of the Fourier series is more often implemented. The integral for calculation the series coefficients and the series representation are:
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where P is the period, f0 =1/P= the fundamental frequency, m is the harmonic number, zm is the complex coefficient for the mth harmonic, and x(t) is the periodic time waveform. Using the complex form of the Fourier series let's derive the coefficients of the periodic ramp waveform, sawtooth waveform with a slope of 6 units and a period, P, of 3. 

P=3;syms m; % redefine m as a symbolic variable

z0 = int(6/P*t,t,0,P)

zm = int(6/P*t*exp(-i*2*pi*m/P*t),t,0,P)

pi = double(pi); %Changes pi from a symbolic to a double precision variable

m=1; z1 = eval(zm); z1 = vpa(z1,6)  
Notice again that the form for zm is not simple but the evaluation is correct. Find the value of zm for m = 2 and 3.

The Fourier coefficients for the periodic exponential waveform shown in the next figure are calculated below. Verify the correctness of the first two harmonic coefficients. The average value and the coefficients for the first 20 harmonics are calculated and plotted in Figure 6. The format is the magnitude and phase angle of  the complex coefficients. These are magnitude and phase spectra.

figure(5)

ezplot(exp(t),[-pi pi])  

P = 2*pi;

fce0 = int(0.5/pi*exp(t),t,-pi,pi)

syms m

fcem = int(0.5/pi*exp(t)*exp(-i*2*pi*m/(2*pi)*t),t,-pi,pi);

zem = vpa(fcem,4)

ampspec = zeros(21,1);phasspec = zeros(21,1); f = zeros(21,1);

for m=0:20


ampspec(m+1) = abs(double(eval(fcem)));


phasspec(m+1) = angle(double(eval(fcem)));


f(m+1) = m/P;

end

figure(6)

subplot(2,1,1); plot(f,ampspec,'+'); title('MAGNITUDE SPECTRUM')

ylabel('MAGNITUDE'); xlabel('FREQUENCY, Hz')

subplot(2,1,2); plot(f,phasspec,'+'); title('PHASE SPECTRUM')

ylabel('PHASE, radians'); xlabel('FREQUENCY, Hz')  

An important operation in the handling of signals is the operation of rectification. It is defined as the absolute value of a signal or waveform. Figure 7 shows a sine wave with a frequency of 10 Hz and its rectified waveform. Derive the Fourier coefficients of the first 20 harmonics of the rectified waveform and plot the magnitude and phase spectra.

P = 0.05;

figure(7)

subplot(2,1,1); ezplot('sin(2*pi*10*t)',[0 0.2])

title('SINE WAVE')

ylabel('AMPLITUDE, volts'); xlabel('TIME, seconds')

subplot(2,1,2); ezplot('abs(sin(2*pi*10*t))',[0 0.2])

title('RECTIFIED SINE WAVE')

ylabel('AMPLITUDE, volts'); xlabel('TIME, seconds')  
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