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thick insulating layer in SiO with a permittivity of 6.5, we
could calculate [21] the distributed inductance and capacitance
of the coil MSL to be 2.45:107 H/m and 3.60-10"° F/m,
respectively.

B. Summary of the design process

The most important discovery, while experimentally and
numerically characterizing our old designs [12],[13], was an
hysteresis originating from the coil resonance. A measurement
of the phenomenon on another SQUID design is shown in Fig.
6. The hysteresis is usually not visible at a temperature of 4 K
but still permits a low-noise operation in an eventually big
lower voltage range [13]. This effect has been observed in
numerical simulations before [5]-[7]. It originates from the
change in effective inductance of the washer above the coil
resonance frequency, as mentioned in the last section. For the
SQUID whose characteristics are shown in Fig. 6 the effective
inductance, as seen by the Josephson junctions, is halving its
value while switching from the superconducting state to the
voltage state. This results in an immediately changing working
point. The resulting hysteretic voltage step is a function of @,
f; and the change in inductance between the superconducting
(dc) state and the voltage (rf) state. Note that the typically
used design approximation for the optimum operation voltage
of the SQUID of =0.3°/y'R [2] can easily be violated.

A damping resistance Ry connected across the SQUID
inductance makes the characteristics steeper and helps to
reduce the influence of resonances. If the size of this
resistance is chosen similar to the shunt resistance R of the
Josephson junction, the sensitivity can improve especially for
high values of A [22]. For much smaller values of this
damping resistor, similar hysteretic effects can occur even for
SQUIDs without integrated coil [23].

Nevertheless, we believe that additional noise originating
from the mentioned hysteretic voltage range can not be
suppressed by damping resistors shunting the SQUID
inductance or the input coil [11] down to our aimed operation
temperatures. The effect has to be taken into account while
choosing the operation frequency of an optimized design.
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Fig. 6. Measured @V characteristics of a SQUID with integrated flux
transformer at a temperature of 0.1 K. The applied bias currents are 17, 18, 20,
22,23,25,27,29, 30, 33, 33 and 35 pA. Taken from reference [13].

Furthermore, in our last designs we could also identify the
washer resonance point and other features introduced by
shielded slits or other capacitances [13].

In conclusion, for the new design step we first minimized

4

the coupled energy resolution as introduced in (2) on the basis
of the standard approximations from (3). Here, we included
estimations of parasitic inductances and the layout of the
washers. At the same time, we tried to minimize the area of
the integrated coil. Then we derived the model of the washer
as shown before and included it in a complete SQUID model.

On basis of simulations on the sensitivity we then chose a
working range by changing the value of the shunt resistors.
The optimum operation range was set between the hysteretic
range and the washer resonance. In combination with big area
coils and thus low washer resonance frequency, this typically
results in an over-damping fc«1 of the Josephson junction.

To allow a better cooling, we chose to use shunt resistors of
a bigger size and electrically negligible cooling extensions
[24]. The volume of the shunt resistor of the SQUID described
in section V is 60-50-0.1 pm’ without the cooling fin.

VI. CHARACTERIZATION OF A SQUID IN EXPERIMENT AND
SIMULATION

A. Description of the SQUID design

For the utilization of the high-Q load [3] in FLL operation,
especially a low direct parasitic inductance between the
feedback- and the input coil is required [25],[26]. For that
reason we made an adaption of a Quantum Design layout
having a highly symmetric and gradiometric layout [4],[27].
As shown in Fig. 7, the design consists of two identical
branches in parallel to the Josephson junctions. Those two
branches consist of a series connection of one signal- and one
feedback-washer with integrated coils. We added two resistors
to split the bias currents in a balanced way into the parallel
branches to minimize a parasitic external flux caused by the
bias current. As mentioned before, a washer damping resistor
of the same size as the shunt resistor is integrated.

Fig. 7. Schematic of the washer configuration of the dc SQUID with a
parallel washer configuration. It consists of four washers, two gradiometric
washers with an integrated signal coil and two gradiometric washers with an
integrated feedback coil.

The impedance of the washer with integrated signal coil
with N=60 can be seen in Fig. 5. For the washer with the 3
feedback windings we only modeled the coil resonance. The
resulting simulation model is shown in Fig. 8. Here, the two
parallel branches were summarized in one branch. Because of
the low resonance frequency of the coil resonance we reduced
its O to 1 to accelerate changes of energy stored in the
inductor and save simulation time, which is crucial for a
complete noise characterization. For the other resonances we
chose a guessed value of (Q=1000. Parasitic inductances
originating from MSLs and crossing of slits (Lp,Lp;) were
added in series with the Josephson junctions and in series to
the washer damping resistance R,. The effective slit
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inductances of the connection of washers were added in series
to the remaining inductance of the models of the washers in
Lp,. The values of those parasitic inductances and the one in
series with the bias splitting resistors Lp; were estimated via
numerical inductance calculation on simplified geometries

[20].
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Fig. 8. Schematic of the simulation model of the dc SQUID with a parallel
washer configuration. Noise sources, not shown here for simplicity, are only
attached to the shunt resistors R, to the washer damping resistor Ry and the
bias splitting resistors Rspr, but not to the damping resistors of the resonators,
which only set the given Q of each resonance. Lgig =276 pH/2, Csig,c=9 nF-2,
Lsigw=18 pH/2, Csi.w=3.2 pF-2, Lyp. =36 pH/2, Csi6c=0.63 pF-2, Lp;=20 pH,
Lp,=20 pH, Lp;=350 pH, Lps=49 pH, C=0.77 pF. The factors or fractions of 2
for the resonance fits emphasize that here two parallel branches are modeled
in one SQUID loop, see Fig. 7. Used experimental values are [,=18 pA,
Rw=3.2 Q, Rsp=1.3 Q. See text for details.

With a design value of the critical current of /,p=13 pA and
the estimated SQUID inductance of 230 pH the screening
parameter S p yields 2.9. The estimated effective SQUID
inductance in the voltage state was estimated to be about 40 %
of its dc value. This originates, as shown before, in the coil
resonance of the signal washer with 60 windings. The value of
the shunt resistor was chosen on basis of the simulation to
Rp=3.6 Q, leaving a margin between the hysteretic voltage
range and the washer resonance of about 0.5-/y p'Rp.

To include the capacitance introduced by the big shunt
resistor, we used a rule-of-thumb from reference [2] and added
half of its value to the junction capacitance. The McCumber
parameter yields fcp=0.3.

For the two input coils connected in series, we estimated a
mutual inductance Mp, of 15 nH and an inductance Ly p of 1.6
pH. The simulated flux noise of the SQUID was 1.7 u®y/VHz
at a temperature of 4.2 K, yielding with (2) a coupled energy
resolution of 420 h.

B. Description of the characterization process

We characterized the fabricated samples in a “He bath. The
SQUIDs had a higher critical current compared to the design
value. From I-V measurements, we estimated a critical current
1=18 pA. The value of the shunt resistors was derived from
the high voltage region to R=3.2 Q, so the /R product
reached a 25% higher value compared to the design aim and
B increased by 40% to a value of 4.1. The value of the two
bias splitting resistors in parallel was derived from the
superconducting part of the SQUID to Rgp;/2=0.66 Q. In
following graphs we compensated for this resistor, because the
additional dc voltage has no influence on the performance of
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the SQUID. Nevertheless, its noise and possible damping
properties are included, as can be seen in Fig. 8.

We measured a mutual inductance between the SQUID and
the integrated signal coils of M=13 nH. By shorting the input
coil with a resistor in the order of 10 mQ and measuring its,
via the coil low-pass filtered, noise spectrum in FLL, we could
estimate the input coil inductance to Ln=1.5 pH. This is
possible because of the low parasitic coupling between the
feedback and the signal coil systems. With a normal SQUID
design, the in such a way determined inductance usually takes
lower values than the real inductance. Both M and Ly are in
good agreement with the design values.

During the experiments, we did not connect any R-C shunt
connected to the input coil [11], because we believe this only
allows to reach lower noise levels in the hysteretic voltage
ranges. Here, excess noise should cause an irregular
temperature dependence. We placed the sensor as the first
stage in a two-stage SQUID setup [2] and used a dc SQUID
with flux transformer with a mutual inductance of 7 nH as the
second stage. The first stage was voltage biased with a resistor
of 0.5 Q. To reduce negative effects of wideband noise in the
second stage, we placed a 50 pH inductance as a filter
between the first and the second stage. This way, we reached a
stable operation of the SQUID system with a high small signal
flux gain between the first and second stage of the order of 50.
This eliminates a noise contribution of the room temperature
amplifier completely. In FLL, we reached typical bandwidths
of about 50 kHz with this setup. We were also able to directly
measure the voltage across the bias resistor of the first stage.
With the known bias current, the voltage and current working
point of the first stage SQUID can be calculated. Again, we
subtracted the voltage across the series splitting resistor.

We performed a detailed noise characterization by biasing
the first stage at differing currents and searching for a low flux
noise over the, due to the high flux gain, multiple possible
locking points. Besides measured flux noise values, we
recorded the corresponding voltage of the SQUID.

Later, the temperature was reduced to 1.5 K by reduction of
the pressure of the *He bath. At the point of best sensitivity we
found a white flux noise Sp'? of 2.0 u®yVHz and 1.2
udy/\NHz over a frequency range of about 10 Hz to 10 kHz at a
temperature of 4.2 K and 1.5 K, respectively. With (2), this
corresponds to a coupled energy resolution ¢ of 700 h at 4.2 K
and 250 h at 1.5 K. The noise referred to the input current
So'?/M is 320 fA/VHz at 4.2 K or 190 fA/NHz at 1.5 K.

The linear scaling of the flux noise PSD with temperature
indicates that the noise is determined by the noise in the
damping resistors of the SQUID.

C. Summary of the results of the measurement in

comparison with the simulations

We adapted our originally made model to the measured
values of the critical current of the Josephson junctions and
the resistors, as already shown in Fig. 8.

The agreement between measured and simulated @,V
characteristics is very good, as can be seen in Fig. 9. The
minimum measured critical current of the SQUID of 28 pA is
reproduced by the simulation. The same value was also
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Fig. 9. @ -V characteristics at a temperature of 4.2 K. Left: Measured characteristics at differing bias currents /=0 (superconducting), 28, 30, 32, 34, 36, 40,
44, 48, 52, 57, 62, 67, 72 pA. From the measured voltage we subtracted the voltage over the bias splitting resistors of Rsp/2:/=0.66 Q-I. The dc external
magnetic flux was subtracted. Right: Simulation of the model shown in Fig. 8 at differing bias currents /=26 (superconducting) till 72 pA in steps of 2 pA.
Each working point was observed for 20 ps (10° plasma oscillations) with a low-pass cutoff frequency of 10 MHz. No excitation flux was applied.

estimated from I-V measurements. The good fit indicates that
the i of 4.1, calculated from the measured critical current and
the modeled inductances, seems to be correct. The
measurement shows slightly asymmetric characteristics, which
we address to an asymmetry in the layout of the washer
damping resistor.

To investigate the origin of some features, we performed
some test simulations by changing several elements in the
model. The lower voltage region is again quite steep due to
the, here smeared out, hysteresis originating from the coil
resonance of the signal washers and due to the connected
washer damping resistor. Furthermore, a small irregularity in
the range of 40 puV can be seen which is caused by the washer
resonance of the signal washer. The voltage step around 75 uV
is due to the coil resonance of the feedback washer.
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10" f | —a—sim. cI)e=0.2(DO
—e—sim. cI)s=0.3cI)0
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Fig. 10. Simulated flux noise PSD Sy at 7=4.2 K and measured values at
7=4.2 K and 1.5 K. The “theory” marker is the value calculated from (3). The
simulations were done on the model shown in Fig. 8. Here, each working
point was observed for 0.2 ms (8-10° plasma oscillations) with a low-pass
cutoff frequency of 10 MHz and a o of the excitation flux of 4-107 ®,. The
measurements were done in a 2-stage SQUID setup. Note the influence of the
washer resonance of the signal washer (Lgig.w-Csic,w) around 40 pV.

In Fig. 10, the measured and simulated flux noise PSD Sy
are shown. As described before, the voltage in the experiment
was also estimated for each noise measurement. As one can
see, the voltage range of the best measured sensitivity at a
voltage of 50 puV is just above the washer resonance of the

signal washer, in contrary to the originally planned operation
below the resonance. The reason is the spread during the
fabrication. Please note that the minimum noise in the
simulation is at low values of external flux, which we could
also verify in the experiments. Within the named resonance,
the noise in the simulation is increased and also in the
measurement we were not able to reach a good sensitivity.
Although the point is hard to spot in the characteristics, its
degrading influence on the sensitivity is clear. Low noise
working points just below the resonance seen in the simulation
could not be observed in the measurement. Please note that at
even lower voltages we reached a good noise at 4.2 K, but this
noise did not scale well with temperature. We address this to
the hysteresis described before.

In comparison, although the noise levels at the exact
voltages do not fit completely, the agreement between the
measurement and the simulation is remarkable.

VII. CONCLUSION AND OUTLOOK

Using the SPICE-based simulator JSIM, we developed a
feasible system for numerical characterization of dc SQUIDs.
Due to its speed and flexibility, also complex circuit models
can be evaluated. This system was then used to optimize the
operation frequency of the design of a SQUID with an
integrated input coil of 1.5 pH. The expected coupled energy
resolution was 420 h at 4.2 K.

Despite the variation during the fabrication, we measured a
good coupled energy resolution of 700 h at 4.2 K, which
scaled down linearly to 250 h at 1.5 K. A good agreement in
the characteristics and the noise between the real-world and
the numerical experiment is shown.

Due to the big size of the shunt resistors, we expect a
minimum additional coupled energy resolution of about 50 h
in a dilution refrigerator, which is about the same value
achieved in [4]. This will be part of further investigations.
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