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Abstract— This work presents the study of superconducting
magnetic bearings (SMB). Two SMB prototypes were constructed
using Nd-Fe-B magnets rotors (each one having approximately
80mm of external diameter) and a 75mm diameter YBCO disc.
The magnetic rotors of the SMB prototypes were manufactured
in two different topologies: flux shaper and axially magnetized
rings. Bean’s critical state model is applied to simulate those
SMBs. The model was implemented using magnetostatic solutions
calculated by finite element method (to solve the problem in
space) and finite difference method (to solve the problem in time).
Simulated and measured results were very similar, showing the
applied simulation model is efficient to this purpose.

Index Terms— Superconducting Magnetic Bearing, Critical
State Model.

I. I NTRODUCTION

T he investigation of devices that can reduce the energy
loss caused by friction in rotation shafts at high speed

(> 10.000 rpm) is important for systems where the efficiency
is primordial. In this context, the superconducting magnetic
bearing (SMB) can be considered a promising solution [1].
The advantages of SMBs are high levitation pressure (up to
4 N/mm2) and stiffness [2], total stability in all the directions
without the need of a control system, reduced friction loss
(no contact) and reduced maintenance cost. However, an
amount of energy must be spent to cool the high temperature
superconductor (HTS) and the SMB’s project presents some
difficulty because of the high non linearity involved in the
levitation force. The literature presents several models to
simulate the levitation force between a superconductor and
an external field. Most of them are based on the critical state
model [3] [4]. To simulate complex geometries the best option
is to use models based on the finite element method (FEM)
[5]. In this work, the model presented in [6] is applied to
simulate relatively complex SMB geometries. Two prototypes
of SMB were constructed with a 75mm diameter HTS disk
grown by seeded melt textured and 80mm diameter magnetic
rotors (having 2 different magnetic arrangement).

II. SUPERCONDUCTORMODELLING

The high non-linearity involved in the relationship between
the electric field and the current density (E-J relation) inside
the superconductor, makes it necessary to adopt a numerical
method to solve the problem. To reduce the number of degrees
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of freedom of the problem, it is adopted a formulation based on
the magnetic vector potential( ~A) and scalar electrical potential
(V ), known asA−V formulation. With this formulation, in the
simulations presented in this work, the only degree of freedom
is Aφ, the magnetic vector potential in the azimuthal direction
(φ). In the solution of problems with axial symmetry, the
electric field, the electric current density and magnetic vector
potential are on the same direction, presenting only one non
null component in the directionφ. This means that~A = Aφ,
~E = Eφ and ~J = Jφ. From Faraday’s law, the electric field
inside the superconductor can be calculated as:

Eφ = −∂AφTot

∂t
−∇V = −∂Aφsc

∂t
− ∂AφExt

∂t
−∇V, (1)

where the subscriptsExt and SC mean the external and
superconductor contributions, respectively. The gradient of the
electric scalar potential can have only one component alongφ
direction. As the electric scalar potential has a constant value
in the symmetry plane, than∇V = 0. The Poisson equation is
used by FEM to solve the spatial problem in terms of magnetic
vector potential:

∇2AφTot = −µ0 · JφTot = −µ0 · (Jφsc + Jφext), (2)

The critical state model suggests that the non linearE − J
relationship can be solved as presented in [5]:

Jφsc = Jc(| ~B|)sign(E) if Eφ 6= 0 (3)

and
∂Jφsc

∂t
= 0 if Eφ = 0. (4)

The functionsign(E) represents the electric field signal and
it has the same direction of the electric current density. In an
axisymmetric simulation, functionsign means that the current
density may be in the clockwise or counterclockwise sense.

The methodology applied here to calculate the induced
current density inside the superconductor do not attempt to
solve interactively equations 1 to 2. First, the spatial solution
is obtained in time by FEM (considering all the possible
solutions), then the time solution is proceed by finite difference
method (FDM), where the movement is included. To find the
solution by the critical state model, it is necessary to eliminate
Aφsc in equations 1 and 2. Considering the type II supercon-
ductor as a linear medium (B= µ0H) having a screening
current, the superposition principle can be applied, as done by
[8]. If any external excitation is eliminated (Jφext = 0) it is
possible to rewrite equation 2 as:

∇2Aφsc = −µ0 · Jφsc. (5)
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Insteadof solving equation 5 at each instant of time in
the FEM program, it is proposed to solve the magnetic
vector potential in the superconductor (Aφsc) as a function
of the distribution of the current density in the HTS. The
Aφsc can be obtained by the G function, where the relation
Aφsc = µ0G ∗ Jφsc is obeyed. The G function can be
found by two different ways: by the integral form of relation
5 and an appropriated Green function [9] or by matrixes
generated by multiple solutions of Poisson equation in a FEM
program using adequate boundary conditions [8]. Because it is
necessary to simulate complex geometries of magnetic rotors
for the SMB, that present non linearity properties, the second
option is more appropriate here.

Lets suppose the superconductor mesh has N elements, it
will be necessary N solutions of the Poisson equation in the
FEM program to complete G. Each collum of the G matrix is
composed by a correspondent FEM solution applying a “unity
current density” only in thei element of superconductor. For
all the others elements, the electric current density must be
null. The magnetic vector potential calculated values must be
divided by the “unity applied J” to compose the i-th collum of
a matrix denominated[M ]N×N , since[M ] = µ0G. Grouping
all the N solutions, for the N elements of the superconductor
mesh, it is possible to write the following equation applying
the superposition principle:

[Aφsc]N×1 = [M ]N×N × [Jφsc]N×1. (6)

An example of how to create the[M ] matrix for a 4 element
HTS mesh in the FEM program is presented in figure 1.
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Fig. 1. Example of a 4 elements HTS mesh to create[M ].

In spite of needing N solutions of Poisson equation in the
MEF program, this procedure is made only once for the same
superconductor geometry. If the critical current density need
to be changed, it is not necessary to create[M ] again. On the
other hand, if it is desired to simulate other HTS geometry,
all the procedure described above must be applied again.

Substituting equation 6 in relation 1 and applying the FDM to
solve the problem in time, the electric field can be found by
the A-V formulation:

[Et
AV ] = [Et

φ] = −
[M ]×

(
[J t

φsc]− [J t−1
φsc ]

)

∆t
− [At

φext]− [At−1
φext]

∆t
.

(7)
The objective of calculating the electric field in equation 7

is to find the electrical current density distribution inside the
HTS in time t ([J t

φsc]). The non-linearity of the problem will
be inserted applying the calculation of the electric field by
the critical state model(EEC). Now it is made the inversion
of the problem presented by equations 3 and 4. Considering
that the electric field is null if the current density modulus is
inferior to |Jc|. The electric field calculated in the element by
the critical state model is assumed non null if the magnitude
of the critical current density is equal toJc. And so, the
electric field obtained by the critical state model(EEC) will
be obtained individually for each elemente of the HTS mesh,
by the following relation:

Et
EC(e) = Et

φ(e) if |J t
φsc(e)| = Jc, (8)

Et
EC(e) = 0 if 0 < |J t

φsc(e)| ≤ Jc. (9)

The difference between the electric field calculated by the
A−V (EAV in the equation 7) and the electric field calculated
by the critical state model formulation (EEC in equations 8
and 9) must be null. To solve the problem, it will be created
a collum matrix [ERROR]N×1, which will be minimized
for each relative position between the magnetic rotor and the
superconductor, to find[J t

φsc]. And so, it is possible to write:

[ERROR]tN×1 = [EEC ]tN×1 − [EAV ]tN×1. (10)

To solve equation 10 it must be defined a conver-
gence criteria ε, by the way that all the terms of
[ERROR]tN×1 must be smaller than a predefined con-
stant ε in order to reach the convergence to time t.
This algorithm looks all the terms of[ERROR]N×1 =
[error1, error2, ..., errork, ..., errorN−1, errorN ] and find
the highest magnitude k-esime element in[ERROR]. For
this element of indexk, it is iteratively calculated an element
∆Jsc and it is updated the current density in the element
(Jsc k + ∆Jsc) until the condition|errork| = error < ε is
true. This procedure is repeated in timet (for all N elements)
until max|[ERROR]t| < ε. When the convergence is reached,
it is known [Jsc]t and it starts a new position of the magnetic
rotor, that means, the instantt+∆t. It is important to observe
that for the elements where|Jsc| = Jc, it hasEAV = EEC =
Eφ, and theerror on this element is null. The complete
algorithm for this solution is presented on figure 2.

The levitation force can be calculated using Lorentz Force
Law in the HTS elements:

Fy =
∫

V

Jφsc ×Bρ totdV, (11)

where V is the HTS volume andBρ tot is the magnetic flux
density (ext+ sc) in the radial direction.
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Fig. 2. Fluxogram applied to calculateJsc in the superconductor.

III. S IMULATION OF SIMPLE GEOMETRY

This section presents the application of the simulation model
to a simple geometry. To estimate the quality of the YBCO
sample, it is trapped a magnetic field inside the HTS. First
it is applied a constant and homogeneous external field in
the superconductor, and then the HTS bulk is cooled inLN2.
After that, the external field is removed and the trapped field is
scanned. The results of the trapped field scanning for a HTS
sample are presented on figure 3, for a vertical distance of
1mm from the surface of the sample.
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Fig. 3. Magnetic induction scanning of the trapped field in a sample of
28mm diameter at 77K. Applied field of 1.2T.

It was calculated the levitation force between the YBCO
sample and a Nd-Fe-B magnet (with a diameter of 22mm,
height of 10mm and coercivity force of 918kA/m), applying

the model describe above. Using an equivalent value ofJc =
1.8 × 108A/m2, the levitation force was calculated and the
results are presented in figure 4.
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Fig. 4. Measured and calculated levitation force between a HTS and a
permanent magnet forJc = 1.8× 108A/m2.

IV. SUPERCONDUCTORMAGNETIC BEARING

A. Magnetic Induction

Small scale thrust SMB prototypes were developed in this
work to be used in future applications, such as high speed mi-
cro flywheels. The bearings are composed of a magnetic rotor
(having approximately 80mm diameter and 15mm height) and
a YBCO bulk of 75mm diameter and 16mm height). The two
configuration of magnetic rotor are presented in figure 5, a
flux shaper (FS) or flux collector and an axially magnetized
ring (AMR) [7]. The YBCO disk used for the SMB is also
shown in figure 5.

FS AMR YBCO

Fig. 5. Two types of magnetic rotors and YBCO bulk used for SMB.

The FS rotor configuration has three permanent magnets
segmented rings magnetized radially. Between the magnet
rings, there are some iron rings used to direct the magnetic
flux. The AMR configuration presents three solid permanent
magnet rings, magnetized axially and a back yoke (used to
keep the magnets together and reduce the reluctance in one of
the directions). The magnetic flux scanning for a distance of
3mm from the surface of the rotors are presented on figures
6 and 7, respectively for AMR and FS topologies. These
two magnetic rotors configurations were compared in previous
work [7].

B. Simulation of levitation force for zero field cooling

In this section, the model described before to simulate the
superconductor is applied to calculate the levitation force for
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Fig. 6. Magnetic induction scanning of AMR rotor.
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Fig. 7. Magnetic induction scanning of FS rotor.

the two SMBs prototypes constructed. As the SMBs rotor
present more complex geometries, this simulation model fits
well to do this task. Because the 75mm diameter YBCOJc

was not calculated, it was used a value of1.2 × 108A/m2,
obtained by trial and error. The results for the levitation force
of topologies AMR and FS are presented in figures 8 and 9,
respectively.

The simulations and measurements presented more agree-
ment for the AMR than the FS configuration, for the adopted
Jc. In the applied model, it were considered that the sample
presents the sameJc in the whole section. It can be observed
on figure 5, that the YBCO disc did not present homogeneity
in the crystal grow for larger distances from its center and
height.

V. CONCLUSION

This work presented simulations and measurements of ver-
tical levitation force in a SMB. When the model is applied
to calculate the levitation force between a HTS cylinder
and a permanent magnet, the maximum relative error was
inferior to 5%, if an equivalentJc was considered. For the
calculation of the levitation force in SMB, the convergence
during approximation presented the maximum error inferior
to 8.5% and 20%for AMR and FS topologies, respectively.
For the return movement, the convergence between simulation
and measurement was not so close.
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Fig. 8. Levitation force measured and simulated for the SMB using the AMR
rotor.
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Fig. 9. Levitation force measured and simulated for the SMB using the FS
rotor.
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